MA2033-Linear Algebra-1254-2013/14-www.math.mrt.ac.lk/UCJ-20140307-Test10-2ed-Solutions

1. Let ab = last two digits of your index number.

d?u  du _ _ ’ _
F.|_E+u—0,u(0) =au'(0)=>b

as a system of differential equations y = Ay, y(0) = (u(O),u’(O))T

Solve the differential equation

Solution:
Assume ab = 12
Let it =% = v so we have
u=v,u(0)=aandv = —u—v,v(0) =u'(0) = b.
We can write the system as
wy _ (0 1y .. (u0) _ra
(5)=(C; —p) () wh (17(0)) = (i) or
- . _(a (U _ (0 1
y = Ay with y(0) = (b) wherey = (v) and A = (_1 _1)
Let y = xe"! then we have y = xwe"! = Ay = Axe"! or Ax = wx = Ax
Sow = A are the eigenvalues of A and x are the corresponding eigenvectors.
Wehavedet (- AN =["1 1 [=a0+D+1=22+2+1=0=2=
—1+iy/3

—1+iy3
2

ForA, = we have

) —11R2+R1—>R2 _—y] 1
w-ar=(T L )00 T2 (0 meneio)®=0)=

14 p 1 1
—-hp+q=0=>x= (q) = (ﬂlp) = p(ll) soletx; = (/11)
-1-iV3 (1)
we have x, = 1
2

Now since the differential equation is linear, the general solution will be
y = y(t) = a;x;eMt + a,x,e?2t where a,, a, are constants to be determined.
We can also write the solution as

At
_ a.e™t _ eMt 0 /A _ (eMt 0 \ (/1
y(t) = (1 X2) <a Azt) = x2)< 0 eﬂzt> (az) - P( 0 e’lzt> (az)

In the same way for 1, =

2X2€
1 0\ /4 a a, a a, i (a 1 1\'n1 1 (A —1\/1
yO=p( D) =0)=r@)=0G)=G=r"6=( ») =z 7)G
—5—-i\/3 —-5i+V/3
ary 1 Ay =2 _ 1 2 _ 2v/3
(az)_—i\/? A +2) 7 -iv3| 5-iv3 | | sitv3
2 2V3
Soa; = Szl\;rgﬁand@:%

Note: Check whether you get a real solutions
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2.Let x = (last digit of your index number)Mod 3 + 1. Select matrix number x and call it A.

-11 -10 5 1 -3 3 4 1 -1
( 5 4 —5) ) (3 -5 3) ) (2 5 —2)
-20 =20 4 6 —6 4 1 1 2

Solve the system of differential equations j = Ay, y(0) = (1,2,3)7,y'(0) = (4,5,6)".

Solution:
1 -3 3

Assume A =(3 —5 3 ]sowe have the eigenvalues and the corresponding eigenvectors
6 —6 4

-1 1 1
AMq==2,xy=| 0 |JandA, ==2,x, =1 ] and A3 =—-2,x3=(1
1 0 2

With y = xe"! we have y = xwe"! and j = xw?e%lor j = xw?e"! = Ay = Axe"! or Ax = w?x = Ax
Sow? = A(iew = iﬁ) are the eigenvalues of 4 and x are the corresponding eigenvectors.

Now since the differential equation is linear, the general solution will be

y = y(t) = ayx eVt + byx,e VAt ta,x,eViet + byx,e VAt + agxseVAt + hyxge Vst

where a4, a,, as, by, by, b3 are constants to be determined. We can also write the solution as

a;
e b gm0 o 0 o \( gl\
y=y(®) =1 X2 %3)| gyx,eVt 4+ byxge VAt |[=P| o o elhteht 0 0 b;
3136V + byxye—Tat 0 0 0 0 ellteVht]| g
bs
Therefore
a1 al
b, by

110000\ [ 4! 1 110000\ [ 4! N /6
y(0) =P <001100> b | = (2) = (001100) b | = p-1 <2> = <c2>
000011 \é/ 3 000011 \agj 3/ \c
b3

bs
And
a;
JTelTt_ [Te-it 0 0 0 0 by
y'@t)="P 0 0 SVt [Te=kt 0 0 bz
0 0 0 0 VAelt—TgemIht \ai/
bs
Therefore
a;
A
VGG 0 0 0 0 / .
Y0 =Pl 0 0 Vi b, | =15
0 0 0 0 Via—s)|a

Finally we have
() =(=-(=(% - @
(7 )= (@)= G)=( _
(& —DE=@=0=(% = @

Note: What is the solution if A is not diagonalizable?
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